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ON THE ASYMPTOTIC BEHAVIOR OF
NONLINEAR WAVE EQUATIONS
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ROBERT T.GLASSEY (1)

ABSTRACT. Positive energy solutions of the Cauchy problem for the equa-
tion Ou =mZu + F(u) are considered. With G(u) =f'6F(s)ds, it is proven that
G(u) must be nonnegative in order for uniform decay and the existence of asymp-
totic ‘“free’’ solutions to hold. When G(u) is nonnegative and satisfies a
growth restriction at infinity, the kinetic and potential energies (with m = 0) are
shown to be asymptotically equal. In case F(u) has the form Iu |p- lu, scatter-
ing theory is shown to be impossible if 1<p s 1+ 2~ (22

1. Introduction. Semilinear wave equations of the form

0%y o 9?
(1) Y Au+mPu+ Fw)=0 [A= Laplacian = 2 _—
912 i=1 axf

provide simplified models for questions in relativistic quantum mechanics. Per-
haps the most physically relevant example is the “‘meson’’ equation which is (1)
in three space dimensions (n = 3) with F(u) = gu? (g > 0).

In §’§2, 3, and 5, we consider the asymptotic behavior of certain solutions of
the Cauchy problem for (1) with x € R”, 2> 0, m> 0. Let G(u)= [4F(s)ds, and
denote the energy norm | - ||, by

() Ilu(t)lli =% f [|ul|2 + |vu|2 + mziu|2] dx.
R"

In one form, scattering theory attempts to assert the existence of a solution

u (%, t) of the free equation ((1) with F(u) = 0) to which a given solution u(x, ¢)
of (1) is asymptotic in energy norm as ¢t — . The works of Strauss [12] and
Morawetz and Strauss [8] show that, for » = 3 and for a nonnegative function
G(u) satisfying a growth condition at infinity, *‘fast enough’’ uniform decay
(decay of sup,_|u|) as t—.ec suffices to prove the existence of such a u,.
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Roffman in [9] has given an example of a complex solution which does not decay
uniformly to zero as t— o, assuming that Ym2u? + Gu) > 0 and that G(uy)) <0
for some u .. His proof exploits a special invariant for comp}ex solutions, the
*‘charge’’, which vanishes identically in the real case. However, the absence of
uniform decay does not, in itself, preclude the existence of such an asymptotic
representation .

We show first in $2 that in the complex case, under essentially Roffman’s
hypotheses, there exist solutions of (1) to which no finite energy free solution is
asymptotic in energy norm as t — c. In §3 we extend this result, and Roffman’s
theorem, to real solutions. It is shown that there exist real Cauchy data and a
positive constant my, depending on this data, on 7, and on the value of G(u ),
for which the corresponding solution u of (1) is not asymptotic to any finite en-
ergy u, and, moreover, sup_ |ulx, t)| ++ 0 as t — o, provided 0 < m <m,. Thus
the condition that G(z) be nonnegative cannot be violated if there is to be scat-
tering theory for (1).

Along somewhat different lines, we combine results in [3] and [12] and ob-
tain in $4 a simple proof showing that the kinetic and potential energies of cer-
tain nonlinear equations (with m = 0) are asymptotically equal.

In §5, we examine equation (1) with F(u)= |u|?~ !4 (p>1). When n =13,
it is known (cf. [8], [12]) that a scattering theory can be constructed for (1) if
3< p <5. Moreover, Segal has obtained in [10] and [11] related asymptotic re-
sults provided p > 2+ 22~ 1. We show that if p is sufficiently small (more pre-
cisely, if p<1+ 22~1) scattering theory is impossible for complex solutions of
(1).

On Euclidean n-space R”, Lp will denote the space of functions z on R™

whose pth powers are integrable, with the usual norm
1/P
||u||p = (_[ lu(x)lpdx) i ull, = ess sup |ulx)].

The positive integer n denotes the number of space dimensions. The energy norm
has been defined by (2), where

Vu = grad u = (0u/¢9xl, ey au/axn)
and, accordingly, Au = Laplacian u = Zyzl(azu/axl?).

An integral sign to which no domain is attached will be understood to be
taken over all space. w denotes a unit vector in R?; dw = element of surface
measure on the unit sphere in R"”; ®_ = area of the unit sphere in R". The nota-
tion v € C; (R") will mean, as usual, that v is infinitely differentiable and has
compact support in R”.

2. Complex solutions with G(x) somewhere negative. Consider the Cauchy
problem for the equation
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) 2u/0t* —=Au+m?u+F(u) =0 (x € R”, t>0) where m > 0.
Throughout $§52 and 3, we shall write

(2) G(u) = f: F(s)ds.

The free equation is (1) with F(u) = 0, i.e. the Klein-Gordon equation. It is our
goal to show that the condition *‘G(uz) > 0 for all «’’ cannot be violated in order
for uniform decay and the existence of asymptotic solutions to hold for (1). In
what follows, we shall assume global existence and uniqueness for solutions of
(1) with smooth data of compact support. In this regard, see [4], [5], [6],[11], [12],
[13], and [14].

A multiplication of (1) by 0u/0t and an integration over all space show that
the energy

3) E= f [l/zlul|2+%lvu|2+l/zm2|u|2+6(u)]dx
Rn

is a constant independent of ¢. Thus if we assume that
(HI) Ym?s? + G(s) >0 for all real s,

then solutions of (1) will have positive energy. Moreover, this energy will be fi-
nite. The ‘‘weakest’’ way to violate the condition that G(z) be nonnegative is to
assume that

(HII) G(uo) <0 for some u.

Hypotheses (HI) and (HII) will be assumed to hold throughout §§2—3, and will not
be repeated.

Roffman in [9] has shown that (1) has complex-valued solutions u(x, t) such
that sup_|u(x,1)| 40 as t— . He assumes (HI), (HII), that arg F(s) = arg s
for all s, and that G(s)=o(|s|?) as s — 0. The assumption arg F(s) = arg s
implies that the function Q(t) = mIm [#u,dx is a constant independent of time.
We shall now prove that, under conditions very similar to those above, no finite
energy u, can exist.

Theorem 1. Consider equation (1) and assume that

(i) arg F(s) = arg s for all s;

(i) G(s)=0(|s|2*%) as |s| — 0, for arbitrary 8> 0; G(s) = O(|s|9) as
|s| — oo, where q, 2< g < oo,is arbitrary for n =1 or 2, g=2n/(n - 2) for
n> 3,

Then (1) bas complex-valued solutions u(x, t) with the property that: there

does not exist any finite energy solution u,(x, t) of the free equation such that

lu(2) - u+(t)||e — 0 as t — oo,
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Proof. As noted above, in addition to the total energy E given by (3), (1)
has another invariant Q(¢) defined by Q(¢) = mIm [z u ,4x. Aside from the con-
stant factor m, Q(t) is the *‘charge’’. Given a solution u of (1), suppose there is
a finite energy solution u, of the free equation such that | u(e) - u+(t)||e — 0 as
t — 0. We shall first take the case n > 3, so that ¢ = 22/(n - 2). For any p,
2<p < 2n/(n - 2), we have

lulDll, < llule) = 2 (D], + lle (O,
Now uz, is a finite energy solution of the free equation, that is,
E,=const =% [ [10u,/31] + |Vu,|? + m?lu,|2) dx < os.

Using a result of Segal (see [10, Corollary 2, pp. 99—100]) we have that || u;l_(t)llp
—0 as t— oo for all such p. (This follows from the uniform decay of u, for com-
pactly supported solutions, the density (in energy norm) of such solutions in all
finite energy solutions, and the boundedness of [#,(t)]|,.) For the other term we
obtain by Hélder’s inequality

Do) = e (O, < ko) = e N ) = w OIIZE )

where 1/p=6/2+(1— 0)n - 2)/2n (0<0< 1).

Sobolev’s theorem yields | «(¢) - u_,,(l) I m/(n-2) S const || a(e) - u+(t) ||e — 0
as t — oo; thus we have | u(s)- u+(t)||p — 0 as t — o, From this and the
above it follows that || u(t)llp — 0 as t > oo, forall p, 2<p < 2n/(n-2). Hy-
pothesis (ii) gives an estimate of the form

|G(u)| < const (|u|2'f8 + |u|2n/(n-2))

for all ; hence [G(u)dx—0 as t — oo, so that |u(t)|2 = E as t — o.
Since |z, ()], - 2O | < | u(6) - 2,()|, — 0 as t — =, and since u, is a
free solution, we have that || u,(¢) “g = E for all ¢ >0, and therefore E, = E. Now

Ju 2
3_1 (t) " ,

< Ym?[||ule) - u+(t)||§ + 2fu (O Nlale) = u D], + ||u+(t)||§]

1
3

< ||u+(t)||: + Jlu() - u+(t)llz_ + const [lu(s) - u+(t)“e =E +elt)

2
_ — m 2 1
const = |0()| = |m Im fuutdx < 5 ||u(t)||2 +3

Ou,
, +\Iar (1)

ou J 6u+
a—t*(t)| ) -atg(t)-—a;(t)

]

2
+2
2

0
Sw-3 0

where ¢(t) — 0 as ¢t — . Hence

(4) |0 <E forall t>0.

Consider now the data u(x, 0) = uoﬁ(x); Odulx, 0)/0t = —imuoé(x) where ug is as



ASYMPTOTIC BEHAVIOR OF NONLINEAR WAVE EQUATIONS 191

in (HII) and where ¢ = {(x) is a smooth nonnegative test function equal to 1 for
[x|<R, 0 for |x| >R+ 1, |V{x)|=0(1) for R<|x| <R+ 1. Then, as
Roffman has shown, (HII) implies that Q(0) = =m?u} [{*(x)dx <-E for R suf-
ficiently large, so that

5) |0(0)| > E.

Since Q(t) is constant, (4) and (5) are incompatible, the desired contradiction.
This completes the proof for » > 3. When n < 2, we have as above that | «,(¢) ﬂp
— 0 as t — o forany p, 2<p <. From [2, pp. 24-27], we have the Sobolev
inequalities

6

lo(o, < const v, (DFND}=7 for n =1,

where 1/p=(1-260)/2 (0<60< 1/2), and
oA, < conse [Vuldl 3= for n =2

where 1/p=(1-6)/2 (0<8< 1.

Applying these to the function v =u - u,, we find that [|u(t) - u,(1)]|, — 0
as t — oo for all p, 2 < p < oo, which completes the proof.

Remark. The assertion (4) may also be derived by noting that Q(z) = Q ,(¢)
for all ¢ >0, where Q (t)=mIm [ @,(0u,/0t)dx. For

_ o _ du
m l(Q(t)--Q‘,(t))=Im f(ua—tu—u,, #)dx

_[9u 944\ Ou,
=1 —— ) - — 7, -7
m J-[u <8t 6t> E (z, u)] dx.

The Schwarz inequality and the boundedness of u(¢) and du,/dt in LZ(R") then

show that [Q(t) - Q,(t)| — 0 as ¢ — e; since Q(¢) - Q0 (+) = const, the remark
is verified.

3. Real solutions with G(x) somewhere negative. We now wish to extend
Roffman’s theorem to real solutions. The assumptions below are precisely those
of [9], with the exception of (i) of Theorem 1. Theorem 2 now shows that Roff-

man’s result remains valid in the real case, provided . m is sufficiently small.

Theorem 2. Assume that G(s)= o(s?) as s — 0. Then there exist real
Cauchy data and a positive constant m, depending on this data, on n, and on the
value of G(u,), such that if 0 <m < m, the corresponding solution u(x, t) of (1)
satisfies

suplulx, )] =0 as t — oo
x

Proof. Define Q(z) = Juu, dx = Y(d/dr) Ju?dx. Let { = {(x) be a smooth,
nonnegative test function equal to 1 for |x| <R, 0 for |x|>R+ 1, |VL(x)|=
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O(1) for R <|x| <R+ 1. Let ulx,t) be the smooth solution of (1) corresponding
to the Cauchy data
ulx, 0) = uoé(x), ut(x, 0) = - muog(x)

where u is‘as in (HII). We shall prove that under the conditions above, sup, ||
- 0 as t — o. To proceed by contradiction, suppose that sup |lu| =0 as t — o,

and define

b(t) = | %u? + %|Vu|? + Y¥m?u? + G(u) + me™tuu )dx = E + me™'Q(2).
t t
Since u is assumed smooth, b is at least continuous. Now
»(0) = f[%mz'ug 2 + %uélvaz + %mzuggz + G(uog) - mzug z]dx

= G212 + Glugl) ds

@
- 22 RnGlug) 4 R4 pr [ fiupos PA219C R0 + c(uoc(pw));dw] do
<o, /nR"Gluy) + (@ /n) « consti(R + 1) - R}

where the const is independent of both R and m. Therefore

h(0) < (wnR"/n)[G(uO) + const{(1 + 1/R)" - 1}].
Since G(uo) < 0 by (HII), we may choose R so large that h(0) < 0. Given this

fixed value of R, we define (for n > 3, with similar expressions for n = 1, 2)

my = (2n = 2)% - /(R + 1)

and assume that 0 <m < mg. We shall now show that h(t) > 0 for sufficiently

large t. First we find, using the order hypothesis on G(u), that

G(w)

2
u

fG(u) dx

< sup
x

fuz dx = 8(1) fuz dx

where 8(t) — 0 as ¢t — . Thus for ¢ sufficiently large, E > (Y4m? - 8(t)) [ u?dx
so that (1) is bounded in L (R") and [Glu)dx — 0 as t — =. By Schwarz’ inequality,
| 0(£)| is bounded for all ¢; hence

b)) > % f(uf + V) + m*u®)dx - 8,(2) - const e™*

where Bl(t) — 0 as t — o, Therefore for large ¢t we have Kt) 2% E> 0, as asserted.

Now, since b is continuous and is negative at the origin ¢ = 0, the interme-
diate value theorem implies the existence of a point T > 0 such that A(T) = 0.
Let ¢ be the first such T. We claim that t; <1/m. For, by the definitions of

b(t) and t,, we have

0’
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E+me™'Q(1) <0 for 0<¢< tys

E +Yme~Hd/a|u(d)]|Z <0 (0< 1<t
We integrate this over the interval [0, ¢ 0] to get
m ‘0 -t d 2
Et0+§fo e Jt—llu(t)llzdtso

and then integrate by parts:

Ety+5 [e“°uu<t0>n; - w03 + f ;° e“numu%dz] <o.

Neglecting the first and last positive terms in the bracket above, we obtain Et,
< Yimll u(0)|) g Hypothesis (HI) is now used to estimate E at ¢ = 0 from below:

E>Y% [ujlx, 0)dx = Ym® |ul0)]3;
thus
%mzuu(O)"gto <Et, < l/zm"u(O)"g
so that £ < 1/m as claimed.
Using (HI) again, we find

0= bt > 5 [, tg) + Vule, 1)) dx

-t
- me 0

[ a1 (s, zo)dx,

2
1 v 2 m 2
>3 [1Vuls, e)12ax - 2 [u2(x, 1) ax
since e 0 < 1; thus
©) J1Vulz, 1)2de <m? [ule, 1) d.
Now u has compact support in x for each fixed ¢, so that the integral
Ju?(x, t,)dx extends only over the set

e [x| SR+ 1423 Clx: [x| <R+ 1+ 1/mb.

Hence, starting with (6) and using Poincaré’s inequality (see [7, p. 95]), we
obtain

2 2 (.2 2 2
f|vu(x, to)l dx <m fu (x, to)dx =m flx'5R+l+to u“(x, to)a'x

2 2
2 2 m“(R+1 +1/m) 2
< < V
m f|x|5R+l+l/ u(x, to)dx < G2 fl ulx, to)l dx.
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It follows that 2(n — 2) < (R + 1)?’m? + 2R+ m + 1; i.e.
7) R+1D2m?+ 2R+ Dm+ (1 =2(n-2)) > 0.

However, for 0 <m <m, the quadratic expression in (7) is nonpositive, the de-
sired contradiction. Thus we are done for » > 3. For n < 2, the proof proceeds
exactly as above until inequality (6) is obtained. When n = 2 we use Sobolev's
inequality (cf. [2, p. 25, Equation 9.11])

Naeg)l, <2411 (Gu/0x ) e DIV 1 B/ 0x,) () |14

du
SR

Ou 29 m?a(R+1+ to)z
(¢.)
1

to get

2
f|Vu(x t )|2a’x<m2 fu (x, to)dx _r_n;i_

A

m’mR + 1 + l/m)2
< 5 f|vu(x, to)l2 dx.
Thus we arrive at (R + 1)%m% + AR + I)m + (1 - 8/7) > 0 which leads to the same con-
tradiction as above with a different value of m,. When n = 1, we proceed as fol-

lows: Firstlet 0 <x <R+ 1+¢). Then ulx, t;) = —ff"l""oux(f, t,)d¢ so that

1

+ < 5 f]Vu(x, to)|2dx

R 4+1
uz(x. to) < (R+1+ ty = %) fx thHo ui(f, to) d¢é
R 414t
0
<(R+1+ ty - x) fo u:(f, to)d{’.

R
Thus fo *'*0u2(x, 1 )dx < YR + 1+ 1,)2 [RH1%0, XE, ty)dé. When —(R+1+1,)

<x<0, we write ulx, 1)) = [* (Rylat, )ux(rf,t )d¢ and obtain in an analogous fashion

0 2 2
f-(R+1+¢ ) “ (x, to)dx <UR+ 141 )f-uz Larg) f‘(f, ty) dé.

Therefore

R +1 4t
fuz(x, to)dx = f 0 u*(x, to)dx

~(R+l4ty)

R +1
<HR+141 )ZU_(R+l e [ oL, to)df]

“HR 14 10)? [u2E 1) dE <HR+ 14 1/m? [ u2E, 1) k.

Using this inequality in (6) we arrive at (R + 1)?m? + 2(R + 1)m = 1> 0 which
again provides a contradiction for sufficiently small m.
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Remarks on the Proof. It is thought that Theorem 2 is true for all values of

m; we are unable to exploit the rapid decrease of the exponential factor to
remove the restriction on the size of m. In fact, the exponential was inserted

only to reduce the hypotheses of Theorem 2 to those of Roffman. With the expo-
nential replaced by unity in the definition of A(¢), we obtain the same result under

the somewhat more restrictive hypothesis

G(s) = o|s|2*4/M) as s — 0, for n > 3.

Indeed, we need only show, under this condition and the premise sup lul — 0
as t — oo, that h(¢) is nonnegative for sufficiently large t. Using Hélder’s and

Sobolev’s inequalities, we have

G(u)
2 +4/

[ 6w a [ 1ul1a] /7

< sup
x

- 8(s) f lul?[ul*/dx  (with 8() =0 as ¢ — )

< 50)([ |u|2"/(""2)dx> (n=2)/n (fuz dx)Z/" <8,(n flvulzdx

with 51(1) — 0 as t — «. This estimate implies the nonnegativity of 5 for
large ¢, and the proof then proceeds as above.

One further comment is in order. Notice that the hypotheses of Theorem 2 re-
main invariant under an elementary change of variables t — ar, x — By, a, 8
scalars. However, since the ‘'size’’ of m depends on the value of G(uo), such
an approach fails to enlarge the range of admissible values of m.

The proofs of Theorems 1 and 2 can now be combined to show that scatter-
ing theory is impossible for certain real solutions of (1), provided m is sufficiently
small.

Theorem 3. Assume that G satisfies bypothesis (ii) of Theorem 1. Then
there exist real Cauchy data and a positive constant m ., depending on the same
quantities as in Theorem 2, such that the corresponding solution u(x,t) of (1) is
not asymptotic in energy norm to any finite energy solution u, of the free equa-

tion, provided 0 < m < ™.

Proof. Given a solution u(x, 1) of (1), suppose that there exists a finite en-
ergy free solution u (x, t) such that || u(¢) -« ()|, — 0 as t — . In Theorem
1 we have shown that this implies [G(u)dx — 0 as ¢t — o, Since u(z) — u (t)
in energy norm, we have that u(t) — u,(t) in LZ(R"), so that u(t) is bounded over
L (R™). Now (du/9dt)(¢) is bounded in L,(R™) by (HI); hence the Schwarz in-
equality shows that Q(¢) = fuutdx is bounded for all t. Thus, defining h(t) as in
Theorem 2 and using the same data as in that theorem, we have h(0)< 0, h(¢) > 0

for sufficiently large t. We may then follow the proof of Theorem 2 verbatim to
obtain the desired contradiction.
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4. Equipartition of energy. Consider the Cauchy problem for the equation
(8) 0%u/ot? —Au+ 4> =0 (x €R3, t>0)

with real C* data of compact support. It is known that there exists a unique
classical solution for all ¢ > 0 (see for example [12]). The total energy E is

constant:
E = f(%uf + %lvulz + Y u) dx < .
Let us set

Kinetic Energy = Tu(t) = % fuf dx;

Potential Energy = Vu(t) = % f|vu|2 dx.

These energies are said to be (asymptotically) equipartitioned if Tu(t) - Vu(t)
—0 as t — . The proof of this result for (8) is a simple consequence of results
in [12] and corresponding statements for linear wave equations.

Let u(x, t) be a C? solution of (8). Then we know from [12] that fu4 dx =
0(t=2?) as t — o and, moreover, that there exists a finite energy solution u ,(x,¢)
of the free equation (the linear wave equation) such that | u(t) -« 40 l,—0ast— o,

where here || u(t)"2 /f(u + | Vu|2)dx. It follows that |« (t)ll =E < o, for all
t > 0. From [3], we may conclude that

[0u ,/30)a)], - llvu+(t)||2 —0 as t —s oo.
Then

- nvu<z>n2|

Ju, Ju,
< N5 (2) A+ W () " - Vu (D], l
+ |IIVa (t)llz = IVu(a],|
du,
< 3— ) - -9-— ) + & (1) )" IV D],|+ Va8 - Vu(a)],

— 0 as t — oo,
Hence

| Tu(t) - Vu(2)| = |%("u,(’)”§ ~ ||Vu(t)||§)|
=%l Ol - ||Vu(t)||2|(||ut(t)||2 + [Va@l)
< const |||ut(t)||2 - "vu(t)llzl — 0 as t— oo,

Thus the energies are asymptotically equal and, in addition, since [u?dx — 0
as t — o, we have Tu(t) — YE, Vu(t) —» YE as t — .
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Clearly this result holds for any nonlinear function F(z) (in place of u3)
which satisfies the restrictions set down in [12]. Moreover, the theorem is true in
any dimension, provided the existence of such a finite energy u, can be estab-
lished. Another proof of equipartition of energy for the linear wave equation may
be found in [7, p. 106). We also mention that Duffin in [1] has proved that, given
data of compact support, the kinetic and potential energies of the linear wave

equation actually become equal after a certain finite time, provided » is odd.

5. The case F(u)=|u|?~'u. In contrast to the situation considered in §32
and 3, power-law interactions of the form F(u) = |« |?~ !4 provide an everywhere
nonnegative energy term G(u). If F(z) vanishes to a sufficiently high order at u
= 0, many positive results in scattering theory have been obtained (cf. (8], [10],
[11], and [12]). We examine the opposite case and show that if p is sufficiently
small, then scattering theory is impossible.

Consider complex-valued solutions of the Cauchy problem for the equation
©) 0%u/0t? — Au+mPu+ |u|?~'u=0 (x €R", ¢>0)
where m > 0, p > 1. We define as before the charge 0(@) by 0(t) = Im fz'iutdx.

Theorem 4. Let ulx,t) be a C? solution of equation (9) with Cauchy data
in Cy (R™) satisfying Q(0) # 0. Suppose that
1<p<2 ifn=1; 1<p<l+2m~! ifn>2.
Then there does not exist any free solution u(x,t) in Cy (R™) such that
()= u (D], — 0 as t — +o.
Proof. Let u(x,t) be a C? solution of (9) for which Q(0) # 0. Suppose

that there exists a free solution #, € Cp (R") such that [ ul&)=u |, — 0 as

t — oo, Define
Ju
0 (t)_Imfu+—:dx

We then have Q(t) = Q,(¢) for all £ >0 (see the remark at the end of §2); thus
in particular Q (0) # 0. Since (Ju /0t (1) is bounded in L,(R") by the energy

equality, we obtain by Schwarz’ inequality

<l D1,

m fﬂ+ a—g; dx l?gt: (1)

Therefore there is a positive constant C, such that
flu+(x, 0|%dx > C, forall t>0.

Let the data of the free solution u, be supported in the ball |x| < k. Then by

the support property and Holder’s inequality, we have

0<]0,0)]=

< const [lu(D],.
2
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0<C, < L D% dx = 2
o < f lu (%, )% dx fMSw lu(x, D)|?dx

2/(p+1) (0=1)/(p+1)
< , p‘l’l d <
< (flxlskﬂ lu(x 0] x) flx\gkn 1dx

2/(p+1)
< const X(P=1/(2+1) (ﬁu+(x, )P+ dx) *

for t > 1, where p is as in equation (9). Thus there exists a positive constant

C, such that
f|u+(x. AP dx > ¢ 7= gor a1l 1> 1.

Now set H(¢) = [(u(0u /0t) - u—;(au—/—ﬁ?»dx. Using the differential equations, we

find that
do- (22, T S o),
= — — U ——— e ———— —
dt ot 92 9t ot “al *

5
. Ou 74+ o -
=2i Imfa—t-—a—t—dx+fu(Au+—m2u+)dx

- fu+(z;t - m’7 - |u|?~ 12) dx

—2zlmf

+2iIm Ivu+ Vudx + fu+|u|°'lidx.
Therefore Re H(t) = Re [u |u|?~ 1% dx. We have

au
Ju — dx + 2m%i Im fu+udx

Re H(?) = Re J-u+[|u|p"l§ - lu+|"'lﬁ+ + |u+|"‘1§+]dx
flu |p+1 dx+Refu [Jul?= 17 - Ju,|P= 17, + a2 7, - |u?~ Z Jdx
ey =12 Re [ u ul?~ '@ -u+)dx+nef PRE (P PRIl P2

N N PR [P P P PR L Ll PR L P

v

=cpmme=VZ_p .
Consider first the special case p=2,n=1 or 2. Recalling that our free solu-

tion u, satisfies [u ()], = 0(:="/?) as t — oo (cf. [10]) we obtain
1= [lugdlalle - ugldx < Ja O JulOllule) - u 01

const t""/zl\u(t) - u+(t)“e = o(t="/?)

= o(r=m(®=1/2) a5 ¢ — o, when p = 2.

\

IN



ASYMPTOTIC BEHAVIOR OF NONLINEAR WAVE EQUATIONS 199

We now take the general case 1<p<1+ 2n~1<2 forn>3,and 1< p <2 for
n =1, 2. Then using H6lder’s inequality, we get

I, =f|u+||u|p-l|u—u+l di = [ g2y 2Ll = u - | d
<Ny O [ 1221l = ] de
<N D127 ([ 1yl ) 2072
1/2
. (f lulzdx)“"”/z (ﬂu _ u+|2a'x)
< const [lu I1E |ulo) = u (D], = o= 7(0=1)/2)

as t — o, In a similar fashion we have

PRl R D DA A PN PN [C Ly Pl P

S PO L W PR [P PRI L P>

where we have used a simple computation showing that ||x|?~1~|y|?-1| <
=] -]y Ip"l which is valid since 0< p - 1< 1. Hence

I, < lu,0))27! f|u+|3‘9|u_ u,|P= 1 dx
< const z'"‘i"““(f lu,|? dx <3-p>/2(f PEAL dx)(p-l)/z
<const £~ D2 y()) _ y (|21 < ofy=np=1)/2)

as t — oo,

Thus both Il and 12 satisfy the same estimate for sufficiently large t; it
follows that there is a positive constant C, such that Re H(t) > C¢~™{P=1)/2
for large enough ¢, say ¢ > T. Hence

2T ,—n(p=1)/2 2T
Re H2T) - Re H(T) > C, [ 27 1 di>C, [2 ldr=c,l0g2>0
since p< 1+ 22! by hypothesis. However, the Schwarz inequality gives
au+ a— au+ 5- a—.
u u u
H()| = ——u, — Jdx|_ ul ——-— |- — (u, - u) |dx
{Ho)] .f<“ 5 o\ e

< (D] + 18aC)/Bell )l uld) - w0 );

thus |H(t)| — 0 as t — = so that |H(T)| + |H2T)| — 0 as T — . A



200 R. T. GLASSEY

sufficiently large choice of T in inequality (10) above then yields the desired
contradiction, and completes the proof.

We conjecture that the theorem remains valid in one dimension for any p, 1<
p < 3, and moreover, for arbitrary n, that there does not exist any finite energy

free solution u, asymptotically equal to u in energy norm.
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